The methods based on regularization are the mainstream of super resolution research due to the characteristics of natural images. Even most of them are based on the total variation (TV) method, the characteristics of natural images cannot be expressed completely by this way. According to low rank property of natural image statistics, a new algorithm is proposed to restore more high-frequency details by combining both of them. Compare to other methods, experimental results show that the proposed algorithm can achieve a better reconstruction quality.
Introduction
As science advances, the demands of high-resolution images grow fast. Reducing the size of the pixels during manufacturing is the common method to meet the demands. But when the size of photoreceptors become smaller, the incident light intensity of each photoreceptor will be lower, which leads to low signal-to-noise ratio 0. Therefore, researching other ways to super the resolution becomes particularly important.
Common methods of super resolution can be divided into two categories: single-frame methods and multi-frame methods. Single-frame methods process one single degraded image to get the corresponded high-resolution image. On the contrary, multi-frame super resolution algorithms generate high resolution image from multiple images. They can be also divided into two types: spatial domain methods and frequency domain methods.
For spatial methods, some of them are based on non-uniform interpolation, which have short calculation time 0. They suit for real-time application. The methods based on bayesian maximum A-posteriori estimation 0 generate the high resolution image by using the prior information. The super resolution answer is rigorous and theoretical. By combining segmentation, motion estimation, super resolution together, the MAP-based methods 0 is proposed to solve complicated super-resolution problem. The methods based on convex set projections 0 are succinct, and they are easy to use. And the methods 0 based on iterative back projection can construct the high resolution image directly. But they can't solve the inverse problem well, and their parameters are hard to choose.
For frequency methods, the methods based on relative shifts was proposed by Tsai and Huang 0 First. Several algorithms 0 based on these methods were proposed lately. They have three main aspects: the principle of spectral aliasing, Fourier transform shifting, and original high resolution image bandwidth.
The methods based on regularization are the most worthy algorithm to mention. They can solve the multi-frame super resolution tasks effectively. It is the common focus of recent research and also this paper. By using prior knowledge, they can generate stable solution to solve the ill-posed problem. One of the most representative algorithms is Tikhonov regularization algorithm. In order to suppress the noise in the solution, smoothness constraints were introduced in it. But some details were lost by the constraints. Farsiu's algorithm 0 is another representative methods. It uses bilateral total variation (BTV) operator to regularize. Compare to Tikhonov method, it retains more detail, and is more stable. But it doesn't have the local adaptivity and cannot deal the partial smooth area well.
The Proposed Method
In this section, we will first introduce the basic multi-frame super-resolution model and then present our low rank total variation multi-frame super-resolution model and optimization method.
Multi-frame Super-resolution Problem
The observation model of multi-frame super-resolution is formulated as follows:
Where k Y denotes the observed kth low resolution image, D is a down sampling matrix, S stands for blurring and warping matrix, X is the HR image that we aim to recover, and n represents the noise. The problem can usually be solved as follows:
where the first term is a reconstruction error term. The second term is a regularization term often defined based on prior knowledge or image statistics. Weight  is the trade-off parameter to balance the fidelity term and regularization term.
Low Rank Total Variation Multi-frame Super-resolution
Total variation (TV) is a classic image prior in image restoration due to its ability to regularize the gradients of natural image. TV also plays an important role in multi-frame super-resolution. However, due to high variability and complexity of nature image, TV cannot capture all the statistics of images. The super-resolved quality is still limited. So other priors based on the image statistics are needed to improve the result.
In this paper, we propose to use low rank constraint to regularize the targeted high resolution image X.
Recently, low rank property is widely studied by researchers and is applied to many computer vision problems and has achieved a lot of success. More specifically, in the image processing field, nonlocal spectral prior is found and used for image restoration [16] . Furthermore, weighted nuclear norm is proposed for image denoising [17] .
Combine the reconstruction error term, TV regularization term and low rank regularizer together, we obtain the final objective function:
Model Optimization.
We adopt the alternating direction method of multipliers (ADMM) [18] algorithm to solve the problem. We introduce auxiliary variable M to get the new cost function:
After that, Augmented Lagrangian method of multiplier with multiplies Li is adopted and Eq.(4) can be recast as an unconstrained optimization problem:
Next, we split the problem (5) into three subproblems and adopt iterative optimization: Update X:
This subproblem can be optimized by gradient descent directly. Update M:
This subproblem can be solved according to [20] , where ( ) SVT  is the Singular Value Thresholding operator:
Update L:
Parameters are optimized based on a small set of datasets. In this work, we set 0.01 
Experiment Experiment Settings
To validate the effectiveness and robustness of the proposed algorithm (denoted as "LRTV") for SR reconstruction, eleven typical 256-gray-level HR images were selected for performance evaluation., it was evaluated subjectively and objectively in comparison with bi-cubic interpolation (denoted as "bicubic") ,the robust SR method [19] (denoted as "SAR"). We also test the TV Prior method (denoted as "TV") .The methods are compared quantitatively in terms of Peak Signal-to-Noise Ratio (PSNR) of their HR output images.
In the first place, HR images were downsampled by a given magnification factor with random warp,without blurring or noise. Then, the LR image is bi-cubically interpolated by the same factor to get to an interpolated HR image. Note that the interpolated HR images are also called LR images, as the high-frequency details are still missing.
Experimental Results
Ground truth / PSNR Bicubic / 22.81dB LRTV / 23.64dB SAR / 23.68dB TV / 23.58dB In Fig.1, Fig.2 and Fig.3 , we show results with an magnification factor x2 for natural images. The figures show that LRTV generally yields better visual results, which is consistent with the PSNR results. The results show that L1SAR consistently improves over all of the compared methods. For factor x2, the gap between LRTV and TV Prior are around 1dB. The differences show clear improvement. Also, we should be aware that making further improvement is very hard when the performance has already been pushed very high by previous methods, e.g. by SAR method here. Compared to SAR, LRTV is more robust, because SAR sometimes produces artifacts as shown in Fig.2 .
Summary
In this paper, we proposed a new super resolution algorithm based on regularization. By combining TV method and the low rank characteristics of natural image. The method is able to recover good quality high resolution image and achieves higher PSNR compared to other algorithms.
